The subject of this paper is the numerical simulation of the interaction of two-dimensional incompressible viscous flow and a vibrating airfoil, which can rotate around the elastic axis and oscillate in the vertical direction. The numerical simulation consists of the finite element approximation of the Navier-Stokes equations coupled with the system of ordinary differential equations describing the airfoil motion. The arbitrary Lagrangian-Eulerian (ALE) formulation of the Navier-Stokes equations, stabilization the finite element discretization and coupling of both models is discussed. Moreover, the Reynolds averaged Navier-Stokes (RANS) system of equations together with the Spallart-Almaras turbulence model is also discussed. Recently study of the fluid-structure interaction problems became very popular in many technical disciplines (aeroplane industry, blade machines, civil engineering, etc.). The research in aeroelasticity or hydro-elasticity focuses on the bilateral interaction between moving fluids and structures (see e.g., [5] ). The commercial codes NASTRAN, FLUENT or ANSYS solve special problems of aeroelasticity and mainly in the linear domain. The critical fluid flow velocity can be determined, but the post-flutter behaviour and other nonlinear phenomena cannot be captured. The appearance of the nonlinear post-critical limit states is not admissible in normal flight regimes, and that is why it is usually not considered. Recently, modelling of post-flutter behaviour began to play an important role.
Recently study of the fluid-structure interaction problems became very popular in many technical disciplines (aeroplane industry, blade machines, civil engineering, etc.). The research in aeroelasticity or hydro-elasticity focuses on the bilateral interaction between moving fluids and structures (see e.g., [5] ). The commercial codes NASTRAN, FLUENT or ANSYS solve special problems of aeroelasticity and mainly in the linear domain. The critical fluid flow velocity can be determined, but the post-flutter behaviour and other nonlinear phenomena cannot be captured. The appearance of the nonlinear post-critical limit states is not admissible in normal flight regimes, and that is why it is usually not considered. Recently, modelling of post-flutter behaviour began to play an important role.
In the paper we focus on numerical simulations of aeroelastic problem of two dimensional viscous incompressible air flow and a flexibly supported airfoil, where large vertical and torsional vibrations are allowed. The coupled model represented by the system of the system of incompressible Navier-Stokes equations (INSE) and the nonlinear system of ordinary differential equations describing the airfoil motion is considered. As for very high Reynolds numbers the flow becomes turbulent, the mathematical model based on Reynolds averaged Navier-Stokes (RANS) equations with the Spallart-Almaras one equation turbulence model is also considered (for details on modelling of turbulence fluid model see, e.g., [23] ).
For the spatial discretization of the fluid (modelled by INSE/RANS) the finite element method is used. The appearance of spurious oscillations in the case of very high Reynolds numbers has to be treated. In last decades a E-mail address: svacek@fsik.cvut.cz. number of stabilization procedures has been developed. Nevertheless, the proper choice of stabilization parameters remain a problem for the Reynolds numbers in the relevant range 10 4 .10 6 . Here, the stabilization based on Galerkin least squares method (GLS) together with grad-div stabilization is employed. The necessary mesh refinement is performed with the aid of anisotropic mesh generator, see [4] . The choice of stabilization parameters is motivated by the numerical analysis of the problem (see [14] ) as well as our numerical experience (see [17] ). In the latter paper the streamline upwind/Petrov-Galerkin method (SUPG) was used for the stabilization of the convective terms, which stabilize only the convective term and cannot be used for the couples of finite elements that do not satisfy Babuška-Brezzi (BB) condition (see, e.g., [7] ). In this work the GLS method is employed for Taylor-Hood couple of finite elements. Although the use of BB stable finite elements does not require the use of the pressure stabilization, our numerical experience as well as the numerical analysis of the problem, see [6] , shows, that the choice of stabilization parameters leads to optimal convergence rates. The comparison of the numerical solution of laminar Navier-Stokes equations to the solution of RANS equations is presented, and both results of turbulence and laminar model's results are compared.
Problem description

Fluid flow model
Let us consider the computational domain t ⊂ R 2 to be polygonal domain for any t ∈ 0, T . We assume that the boundary of t is decomposed into distinct three parts j t = D ∪ O ∪ W t , where the part W t is the only moving part of the boundary. The boundary of the domain is considered to be domain with Lipschitz continuous boundary. The incompressible fluid flow can be described with the system of Navier-Stokes equations coupled with the continuity equation, i.e.,
Here, the symbol u denotes the fluid flow velocity, by the symbol p we denote the kinematic pressure, i.e., pressure divided by the constant fluid density and by we denote laminar kinematic viscosity of the fluid. The system (1) is equipped with the boundary conditions
where u D ∈ H 1/2 ( D ) and w g (t) ∈ H 1/2 ( W t ) for any t 0 denotes the boundary/domain velocity. The boundary condition (2c) in the case of being the outflowing part of boundary, i.e., (u · n) − = 0, it is the identical with the well known 'do-nothing' condition (see [9] ). The system is moreover equipped with the initial condition u(
is the Sobolev space of functions being square integrable over domain t together with their first-order derivatives, the space H 1/2 ( ) is the fractional Sobolev space on the boundary . In practical computations the part boundary D is usually artificial part of boundary, where smooth boundary conditions u D and w g (t) are usually prescribed.
In order to discretize the problem with the aid of finite element method the weak formulation has to be introduced. We start with the definition of the velocity spaces W, X and the pressure space Q
where L 2 ( t ) is the Lebesgue space of square integrable functions over the domain t . Now, by multiplying the system of Eq. (1) by test functions v ∈ X and q ∈ Q, the problem can be reformulated: find u : 0, T → W such that for all t the Dirichlet boundary conditions (2a-b) are satisfied and p : 0, T → Q such that for all t ∈ 0, T the following equality holds:
where
where by the symbol (·, ·) t the scalar product in (L 2 ( t )) 2 and in L 2 ( t ) is denoted, and
The existence of the weak solution of the steady and unsteady Navier-Stokes system of equations was studied under several different conditions (see [19, 21] ). The existence of the weak unsteady solution has been proven by [10, 13] . The influence of different boundary conditions was studied in [9] , the convergence of the numerical approximations to the regular solution was studied, e.g., in [8] . The existence of the weak solution for viscous flow over multiple rigid bodies was studied in [3] .
Structural model
The nonlinear equations of motion for an flexibly supported body, see [18] , reads
where we have considered the possibility of large values of and h. The following notation has been used: L(t) and M(t) denote the aerodynamical lift force and torsional moment, respectively. The symbol m denotes the mass of the airfoil, S and I denote the static and inertia moments around the elastic axis EO. By k hh and k the bending and torsional stiffness is denoted. Further denotes the rotational displacement around the elastic axis EO, h denotes the vertical displacement of the elastic axis EO, c is the airfoil chord and l is the airfoil depth. The system of Eq. (4) can be for small value of angle , i.e., ≈ 0, sin ≈ 0 and cos ≈ 1, rewritten in the well-known formulation (see, e.g., [5] ).
Coupling of fluid and structure models
The aerodynamical forces acting on the airfoil can be evaluated
and is the stress tensor, i.e.,
One should note that the fluid flow model (1) and the structural model (4) cannot be solved independently: clearly the aerodynamical forces L(t) and M(t) are involved in the right-hand side of Eq. (4), on the other hand the deformation of the computational domain t depends on the angle of rotation = (t) and the translation h = h(t), which are the solutions of the system of ordinary differential equations (4).
Arbitrary Lagrangian-Eulerian formulation
In the fluid model (1) the time derivative can be approximated by the time difference formula. Nevertheless, the numerical approximation of the time derivative by time difference leads to several considerable complications mainly caused by the fact that the mesh points change their location during one time step. With the use of mathematical concept of arbitrary Lagrangian-Eulerian (ALE) method the original mathematical model can be reformulated in a suitable way for the time discretization. In order to clarify the method, we start with definition of ALE mapping A t . Let us assume that the mapping A t be a given C 1 continuous bijective mapping from the reference (original) configuration 0 on the computational domain at time t (current configuration) t , i.e., A t : A t (Y ) ). Then the time derivative with respect to ALE trajectory T Y can be easily computed
and after significant amount of algebra we have
With the aid of (7) the incompressible fluid flow motion is described by the incompressible Navier-Stokes system of equations in a bounded domain t written in ALE formulation.
RANS equations and turbulence modelling
The use of laminar model leads to non-stationary solution even in the case of the fixed non-complicated computational domain. In order to test the sensitivity of the coupled model on the velocity fluctuations appearing in the numerical results, the results will be compared to the numerical approximation of RANS equations
where U = (U 1 , U 2 ) and P denote the time averaged velocity vector and pressure, respectively. By u i the fluctuating parts of velocity vector are denoted. The symbol ij = u i u j then denotes the Reynolds stress tensor. For the Reynolds stress tensor the Boussinesque approximation is used and the turbulence viscosity is approximated with the aid of Spallart-Almaras model, see, e.g., [23] . 
Problem discretization
First, we start with time partition 0=t 0 < t 1 < · · · < T , t k =k , with a time step > 0 and we approximate the solution u at time t n by u n ≈ u(t n ). With the definition of ALE derivative (6) we can use the second-order two-step scheme
where the symbolû i is defined
t n+1 at a fixed time step t n+1 . These leads to the modification of the forms a and L(·)
In order to apply the Galerkin FEM, we approximate the spaces W , X, Q from the weak formulation by finite dimensional subspaces W ⊂ W , Q ⊂ Q for ∈ (0, 0 ) and we set X = {v ∈ W ; v | D ∩ W t = 0}. Hence, we define the discrete problem to find an approximate solution u ∈ W and p ∈ Q such that the identity
for all v ∈ X , q ∈ Q holds and u satisfies approximately the Dirichlet boundary conditions. In the computations the projection based interpolation of the boundary conditions is used, see, e.g., [16] . In order to guarantee the stability of the solution the couple of the finite element spaces (X , Q ) should satisfy the BB condition. In our computations, the well-known Taylor-Hood P 2 /P 1 conforming elements on triangular meshes are used for the velocity/pressure approximation. The standard Galerkin discretization (11) may produce approximate solutions suffering from spurious oscillations for high Reynolds numbers. In order to avoid this drawback, the stabilization by the GLS method is applied (see, e.g., [14, 6] ). The stabilization terms are defined as where the function b stands for the transport velocity, i.e.,
For the Taylor-Hood family of finite elements the parameters K are chosen as K ≈ h 2 , where h is local element size. Moreover, the additional grad-div stabilization
is introduced and we set K ≈ 1. The stabilized discrete problem reads: find (u ∈ W and p Q such that u satisfies approximately conditions (2a,b) and
for all v ∈ X and q ∈ Q . The nonlinear algebraic discrete system (14) is solved on each time level t n+1 with the aid of the linearized Oseen iterative process, i.e., we start from approximation u (0) = u n , p (0) = p n , and for i = 1, . . . , M n we solve the problem find
for all v ∈ X , q ∈ Q . Then set the approximate solution at the time step t n+1 to u n+1 = u (M n ) and p n+1 = p (M n ) . The convergence of the stabilized finite element method was subject of interest of many studies. The stability of the time discretized problem was studied, e.g., in [11] . The comparison of the different treatment of the nonlinear convective term as well as several time stepping techniques can be found in [20] . For overview of results about the numerical analysis of the finite element method and stabilizations we refer to [15] . The numerical method was tested for a number of benchmarks problems, e.g., the backward facing step, see [12] . In order to verify the method for approximation of flows with high Reynolds numbers (in this case Re = 2 · 10 5 ) the method was applied on the numerical solution of the laminar viscous flow over an finite plate (see [1] ), and the results compared to the analytical Blasius solution, for comparison of the boundary layer approximation see Fig. 3 . The method was also applied for approximation of flow over vibrating airfoil (with given amplitude and frequency) and the comparison of flow quantities to the experimental values can be found in [18] . The coupling of the structural model and the fluid flow model is a delicate question. The proper coupling is required, the explicit coupling usually cannot be used, see, e.g., [22] . Here, the strong coupling algorithm is employed.
Fluid-airfoil coupling algorithm
In order to find the solution of the nonlinear problem (14) coupled with (4), the strong coupling algorithm will be used on every time level t n+1 .
(i) First, using the extrapolation of aerodynamical lift force L n+1 ≈ 2L n − L n−1 and aerodynamical torsional M n+1 ≈ 2M n − M n−1 moment the system of ODE (4) is used, and the approximate computational domain n+1 ≈ t n+1 is determined. (ii) Next, the problem (14) is solved on the domain n+1 ≈ t n+1 using Oseen linearization. (iii) Using the obtained approximate velocity u n+1 and pressure p n+1 the aerodynamical lift force L n+1 ≈ L(t n+1 ) and the aerodynamical torsional moment M n+1 ≈ M(t n+1 ) are updated. We continue with the step (i) until convergence.
The system of ODEs (4) on time interval [t n , t n+1 ] is solved by fourth-order Runge-Kutta method, where the approximate values n ≈ (t n ) and h n ≈ h(t n ) are used. The values of n and h n determines the deflections of the domain n ≈ t n . In order to proceed from time level t n to the time level t n+1 the approximate value of the aerodynamical lift force L n+1 ≈ L(t n+1 ) and the approximate value of the aerodynamical torsional momentM n+1 ≈ M(t n+1 ) are employed.
Numerical results. Conclusions
In this paper we present the comparison of the presented method with NASTRAN computation and with the numerical simulation with the aid of Spallart-Almaras turbulence model. The parameters of the structural model was set as [18] . The result shows that both method leads to comparable results, the determined critical velocity by the presented method is in agreement with the NASTRAN computation [2] . In this paper we present the numerical results for NACA 0012 airfoil. First, Fig. 1 
